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Exercise 10

Use any method to show that v = 1/(2¢) [’ p f solves the inhomogeneous wave equation on the
half-line with zero initial and boundary data, where D is the domain of dependence for the
half-line.

Solution

The initial boundary value problem to solve is as follows.

U — Clgy = fx,t), 0<x <00, t>0
u(z,0) =0 ug(z,0) =0
u(0,t) =0

Comparing the wave equation to the general form of a second-order PDE,
Autt + Bu;pt + Cu;px + DUt + EU/:E + Fu == G,

weseethat A=1,B=0,C=—-c2, D=0,E=0, F =0, and G = f(z,t). The characteristic
equations for the second-order PDE are given by

dr _ 1 g1 /B2-140)

dt 24
. %(i\/élc?)
= +c.

Because the discriminant B2 — 4AC = 4¢? is positive, the two families of characteristic curves are
real and distinct. In particular, they are lines with slopes +c and characteristic coordinates, £ and
7, respectively.

dz — t+¢&
— = C Tr =cC

dt

dr_ — = —ct+
P c r=—ct+n

Suppose we are interested in evaluating u at the point (zg,tp). The equations of the lines going
through this point are

Jj—xozc(t—to)
x —1x9 = —c(t —to).

As shown in the figure below, if (xg, o) lies in the domain x + ¢t > 0, then the solution behaves as
if there were no boundary. On the other hand, if (xg, o) lies in the domain x — ¢t < 0, then a
reflection occurs at the boundary. The solution has to be considered in each case.
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, x—ct>0

0 X

Figure 1: The presence of a boundary at £ = 0 means we have to consider the solution to the PDE
in the domains above and below the line z — ¢t = 0. The reason is that a reflection occurs for
points above it but not below it.

Case 1: z—ct >0

No reflection occurs in this case. Integrate both sides of the PDE over the triangular domain Dy
enclosed by the lines (from left to right as indicated below).

)

x—xqg =c(t—1ty)

(x0, 70) x—xq0 =—c(t—1p)

/
/ >

xp —ciy xg +cip

Write the double integral explicitly on the right side.

to xro— C t to)
//(utt - Ugy) dA = / / (z,t)dxdt
Dy .’170+C t t()

The integral will be implicit from here until the end to save space. Rewrite the left side.

//[ (Puy —gt(ut)} dA:/ flz,t) dz dt
Dy
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Multiply both sides by —1.

//[ (Cu _;g(“t)} dA:—/ flz,t) dz dt
D

Apply Green’s theorem (essentially the divergence theorem in two dimensions) to the double
integral on the left to turn it into a counterclockwise line integral around the triangle’s boundary

bdyDl.
§£ (utdx+cuxdt /fxtdxdt

bdy D
Let Ly, Lo, and L3 represent the legs of the triangle.

‘A

(x0, 7o)

L Ay

-
xg —cty xo tcip

The line integral is the sum of three integrals, one over each leg.

/ (ug dz + Py dt) +/ (ug dz 4+ Py dt) —I—/ (ug dz 4 Pug dt) = //f x,t)dxdt
Ly Ly Ls

On L1 On LQ On L3
t=0 x —x0 = —c(t —tp) x —x0 = c(t —tp)
dt=0 der = —cdt dr = cdt

Replace the differentials in the integrals over Lo and Ls.

/x_it (i, 0) d + /L [ut(—cdt) + Pu, (—‘f)] 4 /L [ut(cdt) + P, <dj)}

- / Flx,t) d dt

In this exercise u;(z,0) = 0, so the integral over L; vanishes.

ou ou ou
—c/ (c’?tdt+5$d> /<atdt+daz>— /fmtda:dt

The integrands on the left side are how the differential of u = u(z,t) is defined.
—c/ du—i—c/ du = —//f(:r,t)dxdt
Lo L3 D
1
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Evaluate the integrals on the left side.

—clu(xo, to) — u(zg + cto,0)] + clu(xg — cto, 0) — u(wo, to)] / f(z,t)dxdt

In this exercise u(z,0) = 0, so u(zg + ctp,0) = 0 and u(xg — ctp,0) = 0.

—2cu(xo, ty) = / f(z,t)dxdt

Divide both sides by —2c¢ and write the double integral explicitly again.

to ro— C t to
u(zo, to) / / f(z,t)dzdt
20 zo+c(t—tg)

Finally, switch the roles of & and ¢t with those of zy and ¢y, respectively.

xr— cm t
u(x,t) / / f(z,t) dxo dto
20 +e(to—t)

I+Ct m
u(x,t) // f(x,t)dxodty, x—ct> 0.
" 2 e

c(t—to)

Therefore,

Case 2: z—ct <0

Integrate both sides of the PDE over the polygonal domain Dy enclosed by the lines (from left to
right as indicated below).

‘0, [
x—xqg =c(t—1y) (*0, 70) x—xg = —c(t—1y)

N

(007 €

(ctg —xp, 0) (xg+ctp, 0)

x—O:—c[i—(;‘O—x—O)] = —xqg —c(t —ty)

C

Write the double integral explicitly on the right side.
to xo— C(t t() t()—pr Io—c(t—to)
//utt—c Ugy) dA = / / xt)d:vdt—i—/ / f(z,t)dzdt
0—— zo+c(t—to) 0 —zo—c(t—to)
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The integral will be implicit from here until the end to save space. Rewrite the left side.

//[ (g —gt(ut)} dA://f(w,t)dxdt
Do
Multiply both sides by —1.

// [8855(62“90) - gt(ut)} dA = _/ F(x,t) da dt
Ds Y

Apply Green’s theorem to the double integral on the left to turn it into a counterclockwise line
integral around the polygon’s boundary bdy Ds.

55 (ug dz 4 Pug dt) = /f:ctdacdt
bdy D2

Let L4, Ls, Lg, and L7 represent the legs of the polygon.

f
(x0, fo)
o)
s 1) — —
¢ Iy Ls
Ly X

(cty —xp, 0) (xp+ctp, 0)

The line integral is the sum of four integrals, one over each leg.

/ (uy dr+cu, dt)—i—/ (uy dr+cu, dt)+/ (uy dr+cu, dt)—l—/ (uy dr+cu, dt) / flx,t)dxdt
Ly Ly Lg L7

On L4 On L5 On L6 On L7
t=20 x —x0 = —c(t —tg) x —x0 = c(t —tp) x = —x0— c(t —tp)
dt =0 dr = —cdt dr = cdt dr = —cdt

Replace the differentials in the integrals over Ls, Lg, and L.

/tH (i, 0) dx—i—/L5 [ut(—cdt)—i-czux (—ix)] +/LG [ut(cdt)+c ” <dx)}
+/L7 [ut(—cdt)+c2ux <—>} / f(z,t) dz dt

In this exercise u;(z,0) = 0, so the integral over L, vanishes.
ou ou ou ou ou
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All integrands on the left side are how the differential of u = u(x,t) is defined.

—c/ du—l—c/ du—c/ du:—/ f(z,t)dx dt
Ls Lg L7 D
2

Evaluate the integrals on the left side.

— clu(xo, to) — u(wo + ctg,0)] + ¢ [u (O,to - x—f) — u(xo,to)} [ (cto — 20,0) — u (0 to — @)]

/fxtda:dt

In this exercise u(z,0) = 0 and u(0,t) = 0, so u(xg + cty,0) = 0 and u(cty — xo,0) = 0 and
U(O,to - JI()/C) =0.

—2cu(xg, to) = / f(z,t)dxdt

Divide both sides by —2c¢ and write out the double integral explicitly again.

to xo— C t to toff xro— C t to
u(zxo, to) = / / f(x,t) dmdt—i—/ / f(z,t)dxdt
2C zo o+c(t—to) zo—c(t—to)

Finally, switch the roles of x and t with those of zg and ¢, respectively.

to t t—f r— C(to t
l‘ t / / $0, t() dl‘o dto + / / .To, to) dxzo dtg
26 z+c(to—t) z—c(to—t)

Therefore,

1‘+c t to t—f :c+c t— to
I’ t / / wo, to dxqg dty + / / .CE‘(), to) drodty|, x—ct<O.
26 Z Jax—c(t—to) z+c(t—to)

In conclusion, the solution to the initial boundary value problem is

z+c(t—to) t—2  pxtc(t— to)
/ / xo, to dxo dto + / / Io, to) dxg dtg ifxr—ct<O
2c t—Z c(t—to) z+c(t—to)

t) = .

U(l’, ) ac+ct to

// f(z,t) dxo dto ifx—ct>0
t to
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